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,Q WKLV SDSHU D PDWKHPDWLFDOPRGHO GHVFULELQJ WKH SURFHVV RI QRQ)RXULHU KHDW WUDQVIHU LQ ELRORJLFDO WLVVXHV IRU JHQHUDOL]HG
FRRUGLQDWH V\VWHP GXULQJ WKHUPDO DEODWLRQ E\ HOHFWURPDJQHWLF UDGLDWLRQ ZLWK *DXVVLDQ H[WHUQDO KHDW VRXUFH LV VWXGLHG 7KH
ERXQGDU\YDOXHSUREOHPJRYHUQLQJWKLVSURFHVVKDVEHHQVROYHGXVLQJK\EULGQXPHULFDOPHWKRGWDNLQJ/HJHQGUHZDYHOHWEDVLV
IXQFWLRQ 7KH UHVXOW REWDLQHG IURP ILQLWH HOHPHQW /HJHQGUH ZDYHOHW *DOHUNLQ PHWKRG )(/:*0 LV FRPSDUHG ZLWK H[DFW
DQDO\WLFDO VROXWLRQ DQG VKRZV D JRRG DJUHHPHQW 7KH HIIHFW RI YDULDELOLW\ RI WLPH JHQHUDOL]HG FRRUGLQDWH V\VWHP ORFDWLRQ RI
WXPRURUFDQFHUUHOD[DWLRQWLPHDQGH[WHUQDOKHDWVRXUFHFRHIILFLHQWRQWHPSHUDWXUHGLVWULEXWLRQLVGLVFXVVHGLQGHWDLO,WKDVEHHQ






7KH WHUP WXPRUDEODWLRQ LVGHILQHGDV WKHGLUHFW DSSOLFDWLRQRI WKHUPDO WKHUDSLHV WRD VSHFLILF WXPRU LQ DQ
DWWHPSW WR DFKLHYH DEROLWLRQ RI VXEVWDQWLDO WXPRU GHVWUXFWLRQ >@ 7KH WHFKQLTXHV RI WXPRU DEODWLRQ PRVW
FRPPRQO\XVHGLQFXUUHQWSUDFWLFHDUHGLYLGHGLQWRWZRFDWHJRULHVQDPHO\K\SHUWKHUPLFDEODWLRQLQZKLFKKHDW
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7KHUPDODEODWLRQKDVPDQ\UROHVLQWKHSDOOLDWLYHWUHDWPHQWRIEHQLJQDQGPDOLJQDQWWXPRUV&HOOGHDWKLVDUHVXOW
RI LUUHYHUVLEOH FRDJXODWLRQ RI SURWHLQV LQFOXGLQJ HQ]\PHV LQWUDQXFOHDU SURWHLQV '1$ SURWHLQV DQG '1$ >@
5DGLRIUHTXHQF\ 5) PLFURZDYH 0: ODVHU DQG XOWUDVRXQG 86 DEODWH WLVVXH E\ KHDWLQJ WLVVXH WR F\WRWR[LF
WHPSHUDWXUHV 7KH ODVW IHZ \HDUV KDYH VHHQ D UDSLG H[SDQVLRQ LQ WKH XVH DQG DYDLODELOLW\ RI WKHUPDO DEODWLRQ
WHFKQLTXHV ZLWK D ORW RI SDSHUV SXEOLVKHG 7KH\ VWXGLHG WKH GLIIHUHQW W\SH WKHUPDO DEODWLRQ WHFKQLTXH VXFK DV





HTXDWLRQ LVDPHQDEOH WRDQDO\VLVE\YDULRXVPHWKRGVFRPPRQO\XVHG WR VROYH WKHKHDW WUDQVIHUPRGHO IRU LQILQLWH
KHDWSURSDJDWLRQZKLFKLVEDVHGRQKHDWFRQGXFWLRQRIFODVVLFDO)RXULHULH
         T U W N 7 U W= − ∇
ZKHUHT DQG 7∇ DUHKHDWIOX[DQGWHPSHUDWXUHJUDGLHQWLQVDPHLQVWDQWWLPHDQGVSDFH
,QIDFWKHDWLVDOZD\VIRXQGWRSURSDJDWHZLWKDILQLWHVSHHGZLWKLQOLYLQJELRORJLFDOWLVVXHVDVWKH\KDYHKLJKO\
QRQKRPRJHQHRXV LQQHU VWUXFWXUH 7R VROYH WKH SDUDGR[ RFFXUUHG LQ WKH 3HQQHV ELRKHDW HTXDWLRQ WKHUPDOZDYH
PRGHORIELRKHDWWUDQVIHULVLQWURGXFHGZKLFKLVEDVHGRQWKHUPDOZDYHFRQVWLWXWLYHUHODWLRQJLYHQDVIROORZV>@
     TT U W N 7 U Wτ+ = − ∇ 
ZKHUH Tτ LVWKHUPDOODJJLQJWLPHT DQG 7∇ DWWKHVDPHSRLQWUDUHLQGLIIHUHQWLQVWDQWRIWLPH$VWKHYDOXHRI
Tτ WHQGV WR ]HUR WKHUPDOZDYHPRGHO UHGXFHV WR3HQQHVPRGHO 7KHUPDOZDYHPRGHOJLYHV D VXLWDEOH UHTXLUHG
WKHUPDOGDWDIRUGHVFULELQJWHPSHUDWXUHGLVWULEXWLRQLQOLYLQJELRORJLFDOWLVVXH
0RGL¿HG 3HQQHV ELRKHDW HTXDWLRQ LV VROYHG XVLQJ GLIIHUHQW W\SH RI QXPHULFDO PHWKRGV ZKLFK DUH DYDLODEOH LQ
OLWHUDWXUH 7KH ILQLWHGHFRPSRVLWLRQ PHWKRG >@ KRPRWRS\ SHUWXUEDWLRQ PHWKRG >@ *DOHUNLQ DSSURDFK ZLWK








LQLWLDO FRQGLWLRQV 7KLV V\VWHP RI 62'(
V LQ XQNQRZQ YDULDEOHV KDV EHHQ DOVR VROYHG E\ ZDYHOHW *DOHUNLQ
DSSURDFK ZLWK /HJHQGUH ZDYHOHW DV EDVLV IXQFWLRQ 7KXV RXU SUREOHP UHGXFHV LQWR 6\OYHVWHU PDWUL[ HTXDWLRQ






LV FRQVLGHUHG WR VWXG\ WKH WHPSHUDWXUH GLVWULEXWLRQ LQ WKH WLVVXH GXULQJ WKHUPDO DEODWLRQ ,Q WKLV VWXG\ ZH XVHG
K\SHUEROLFELRKHDWWUDQVIHUHTXDWLRQXQGHUWKHDERYHDVVXPSWLRQVWKHGLIIHUHQWLDOHTXDWLRQJRYHUQLQJWKHSURFHVVRI
KHDWWUDQVIHULQWKHWLVVXHFDQEHH[SUHVVHGDV
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)LJ6FKHPDWLFJHRPHWU\RIRQHGLPHQVLRQDOJHQHUDOLVHGFRRUGLQDWHV\VWHP>@
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     
ZKHUH7 LVWKHORFDOWLVVXHWHPSHUDWXUHUWKHVSDFHFRRUGLQDWHW WKHWLPHߩ WKHGHQVLW\FWKHVSHFL¿FKHDWīLV
WKH QXPEHU WR FODVVLI\ FRRUGLQDWHV LHī ൌ Ͳǡ ͳǡ ʹWR LQGLFDWH FDUWHVLDQ D[LV\PPHWULF DQG VSKHULFDO V\PPHWULF
FRRUGLQDWHVUHVSHFWLYHO\>@
7KHWHUP4EUHSUHVHQWVKHDWVRXUFHGXHWREORRGSHUIXVLRQLWPD\EHH[SUHVVHGDV>@
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ODJJLQJ WLPH Tτ = DQGDEVHQFHRIPRGLILHG*DXVVLDQH[WHUQDOKHDW VRXUFH WKHQ WKHELRKHDW WUDQVIHUHTXDWLRQ LV
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VKRZVWKHHIIHFWRIWLPHRQWHPSHUDWXUHZLWKUHVSHFWWRVSDFHFRRUGLQDWH:HREVHUYHGWKDWWHPSHUDWXUHLQFUHDVHV





7KH HIIHFW RI JHQHUDOLVHG FRRUGLQDWH V\VWHP ī ൌ Ͳǡͳǡʹ RQ WKH WUHDWPHQW RI WXPRU GXULQJ WKHUPDO DEODWLRQ KDV







$Vܳ௥଴ LQFUHDVHV WHPSHUDWXUH LQFUHDVHV ZKLFK LV VKRZQ LQ )LJ  $FFRUGLQJ WR WKH HVWLPDWLRQ RIܳ௥଴ǡ
WHPSHUDWXUH LV WDNHQ LQ WKH UDQJH RI WKHUPDO DEODWLRQ 7KXV ZH FDQ VD\ WKDW WKH H[WHUQDO KHDW VRXUFH SOD\V DQ
LPSRUWDQWUROHLQWUHDWPHQW
$V Tτ ÆWHPSHUDWXUHGLVWULEXWLRQREWDLQHGIRU3HQQHVPRGHO Tτ  VDQGWKHUPDOELRKHDWWUDQVIHUPRGHO
Tτ  VFRLQFLGHVPXWXDOO\6RLQOLPLWLQJFDVHLH Tτ ÆWKHUPDOZDYHPRGHOUHGXFHVWR3HQQHVPRGHO
ZKLFKLVVKRZQLQ)LJ,KRSHWKLVVWXG\ZLOOSURYHYHU\EHQHILFLDOIRUWKHFOLQLFDOWKHUDSHXWLFDSSOLFDWLRQLQ
WUHDWPHQWRIFDQFHURXVFHOOV
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)LJSORWRIWHPSHUDWXUHYVVSDFHFRRUGLQDWH  )LJSORWRIWHPSHUDWXUHYVVSDFHFRRUGLQDWHIRU
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&RQFXVLRQ
:H KDYH SUHVHQWHG )(/:*0 IRU WKH VROXWLRQ RI WKHUPDO ZDYH ELRKHDW WUDQVIHU PRGHO LQ SUHVHQFH RI
WHPSHUDWXUH GHSHQGHQW PHWDEROLF KHDW VRXUFH DQG PRGLILHG *DXVVLDQ H[WHUQDO KHDW VRXUFH 7KH PXOWLUHVROXWLRQ
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